SIMPLE  HARMONIC O%C i LL ATOR.

THE MOTION OF A MASS ATTACHED To & SPRING

(oncider o mass that is ottached 4o a 5pn'n«5 ond Hhat slides along a frickionless plane .
We want to understand s horizontal motion when the spring o stretched or compressed, and
then reieased. In order to keep the model a5 simple as possible, we assume that the

only force ‘”’*“"‘] o The Mot 15 dhe force of the spn'nq. in otver words at fhis time,
We ave 9""“‘\ to ijm"f Air R cesintonce and other forces dhed wowld dampen the moton oF

the SPFOR s,

There ove two Kkey quantitics in this model — a quantity thort measuves the doapimmsgie. 4 isplacement

of e moes from ig natural resd position and the ree,-bdnq Lotce on the mass cavsed by the
Spring. we wish to determine +he ?oc..'r\-ior\ of the Mass 0s o function of dime o let ¥

Clenote 4he position of tne moss amam ot time T 14 o convenient fo let Y=o Yepresent he
rov compressed) and it

pressed

Yest posilien of the moss. At rest, the spring is neithey siretehed,
exherts 1o fore on the mass. Well wse the convertion el (k) £ 0 if the spring is com

ad YA PO if tee Spring is stretuhed.

Zemem ber for Phyeics (or \,\i,‘h S ool Sticnt.f.)

Forte = moss x acceleration

Since  Yhe disF\ar.emew‘\' v Y(£) ; we can uvse dhe fuck Yhet

dis?\acemew\ s o position

- vg\oc_i-\'l; i dhe ficert c\ef'\Wf“"P of posiYion

~ accelecation is Yae fiest derivative of velocidy
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s Means we can vewnte Newlons law  as
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ks mm?“*’- 4he model; we must spcc{fy an ex pression Gor the foree that

the SPOing exerds on the Muse . We use Hookes Law of Springs as our model
for Yhe feet’l‘bﬁﬂﬂ force of e 5pvir\3-

&

" The restocing fore ererted by a spring i linearly proportional

Yo the springs displacement from its reat pomtion and is divected
doward fhe vest position.”

F;_,: -K\/ | where K>D (s called the spﬂ'ntjcon‘ifmﬁ

Now, by ombinlag dhe jwe equations g have defined for force, we can obtain an
equation for e motion of # & Mass attached to o spring.

AZ
Fe-ky = m3u
3%y

—k\l = m';\‘{._"

at =
ma{;-} K\I-— o

Thie is the equ«’n‘on Lor whad sciendists call o HS\.W\PLC“ (or "undumped“)
harmonic. oscillotor.

Now, ot firat qlo.ﬂce dnis way not appear o have 0“‘('““'“‘_'] in ommon With what
weve done $o far with systewms of differendial equations. However, evew though this

s 0 second order ditferential equation, we can write i a5 & B system of
fuet ovder diffecential equations .
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In other words

Tous e can reduce tue order of e wgmiom differential equoction (2) 4 a () by rewnitiing
Aings 65 a (ombination of Awo first order @ Aiffererthial equations.

—

Let's O0ssume we have a qpn‘nq and mas, such thalkk w2l This makes ol bﬂ,‘,'m\\ ObE

%y
e Y
which we @n ewnte as
dy
=V
av
e

Now, Meks stop for o minwte and Hhink aboeut e motien of 4 mass attached o a Spring:
Hois 3oiwq fo oscillate about ine velaxation Po'w\-l (which we've already called ys= o). The
Foctheed  awoy Loom  ¥=o s going ‘o occur on both the PD‘;HiVe (_e.-\-rei-ched\ 5ide of the -,primj
and tne negetive (ompressed) stde. One w veaches fhis et /min poind i retuls e other Aiveckion.
ls thelc a kind of funckon () et mimics this be hawioe ¢

Of , Yhink obout  Hais way .-

s there o fanchion{s) Hhat is the netjaﬂfv’{ of its steond deriva—!lu7
yll: -\I
B dume owk Yhed dnere (5 o class of functons Yot do this... sines and covines.
Y= sin Nz cos
1': cob \l":. -gin

¥z ~cos

¥ = -sin



Dot by understavd the (@h behaviour of the Spring ) we a\reao\f know that

pul solukion  must jayplue either & sine, a sine, ov buth.

\J= sia

dr,.=
Y Gelpml= eos
dv =7 d :
at > 3t L] = e

THE DAMPED Wagmonic DsUILLATOR

In the absence of friction, air vesistance jorany other ”dampt‘n:j‘ fovie , the ¥ harmonic
oosullader will continue on forever. e know Dased on experience | this ion't the casein feal-b o

Thus, +o implove upon the simple hormonic osullodor; we teed 4o incude o ” clamping bere .
Do a Livet oess model, we'll lump oll the o\ampino] Lortes into a 5\'.1;1\:. term.
ady
-b(5
shtve b>D and o called e coefficient of daMPir\%- The mipus Stan indicates

Hhat the d"‘““P"“i P“"hf"-' a.]ﬂhtﬁ'l' e direction D-{ MO'HOI’\! ﬂl\pﬁv‘.- rtdllﬂ‘ﬂq the 5Pc-eal. 1\\&5' OWY New
model 15 now’

3%y ay
MG = Ky ~bge
which is dypieally written as

dly ay
Mdt"-"bgﬁ*l‘\l:b

This equation 15 ofden called he <quation of motion of a ¥ damped harmenic oscillador .

We can simphify it Hfurther by dividing ont dhe mass.

d?  dy _
ae *Pa’;_ "'q\l =0

wheve P=

s
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We can convest Fhis new  Second-oder Qiffevenhial equedion into A
systewt of fisk-adec difherential equatiens as Lollows
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o et an idea of the behavior of m solution of a dawmped harmenic oscillater it would
o method
be nice 4o have some esp\'\r.i‘\' $0\u'HDnSI and we can Lse lfgwes‘a ancl check e
te 3'“* some.

Constaer a2y dy
a—h,j- 5 ac + (97/ = O

A zolulion Y is a fwmcXlon whese second deriwtive can be expﬂ’%fd in terwms ot
Y, g_i, and Conctan’s.

The most familiar function whose derivortive is almort exactly iteeld 15 the exgonential LS
So, lels quess o Solutien of the form

Y= est' wheve S is any constant

?\HT is iwlo our -equ,q'“or\-

A% d 4 4 o
3%*53};*57 = seletle ‘Sdt[esl* 50
= Sze?k' + B8t o fac"'Jh

(St-! Se 4 (o) CS‘L

I

Inorder for & do be a solwtion,this expression must equal the right-hand side of the
oriﬁ\'m\\ AifRevential equedion for all €. in othev words

(& +5e4L)e% = o

ot
Novy € £ O forall 4, s0 tat means (sz'rS-;f(o) mMust .



£y Bs+b=0

Use the quadratic equoction 4o so\vc\'
—he above bnlt1 equals D when  ST-2 or $=-3. This yields two possie
siwone Y@ & and V=

Now, Wt heed fo convert these dwo equartions indo solutions of ouv system-

av _
qe” -5Y * by
recall that we just soed for Y. V is simply the st denivadive of V.

Y ys &

-2t
vz Sl -2e
A
v, o= el -3t

Thvs we now have Y(&) and V(X). This menns we have dwo solutions do this system
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EVLERS MEMOD FoR AVIONDMOUS SYSTEMS

e

Eoleis metnod for o system @an be wnitten as follows™

G\ ’ A% _
f\@ ac -F(X,\[)

dy
qe- I

Hhe initial condition ('i,,'\[o) |0m0\ e step-size ot

mv-:' g(xK)YK)
Nk = ‘3(’(&;"&3
Kigrp = X + Me st

YK-\-\ = \/K + nk_-ﬁt



