The L\r\emtf({—\{ Trinciple LL.

The selwbions of linear systems have s?fda\ propeftics Mot solukions of
e PTRrY systems do not have . These propertics are so useul Yoot we take advantage

o‘i them peatedly. In Gack Hhey are exactly tne censon aat we will be S0 Succegsful
in one analysis of linear systems,

Wowevey; o note of coution I 15 important 4o malce swre Hhwt Fhe sytem under consideration
ocfunally 15 o linear system before you use any of these special properdies.

THE MOST (MPORTANT PROPERTY OF LINEAR SYSTEMS 1S THE UNEARITY PRINGIRE

__—_____—-—-—'———___'

LUNEARTY PRANGPLE

Suppose %‘1-‘- AT s a linear system of differential equations

L1 (L) is a solution of Hhis system and K IS any constant,
theén K'\-? {£) is also a solution.

2. € _\7‘&3 and le () ave splwkions of the system A iR
D, then ‘—:L(t\ + iﬂz(ﬁ & also a solution.
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The LINEARATY PRINUPLE i gometimes (alled THE PRINGPLE of SV PERPOSITION
(ombining Fhe fwo pavis of fthe Lineanty Printiple we see  fhat

.:‘ —
K, [ + L s oo a solwtion.

A alunbion of dem Hhic foem (k":i:&\ + V'L'(T'L('t\B i hled
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JERIFILATION of THE LINEARATY ?mmm_r-:
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To  show Hwt the \\'nwnﬁ Prim;Ple holds in
4wo a\gebm‘\c FroPcrﬁict. o} mertrix mul-\-ip\icxﬁon.

qeneral | we first state the {-\o\\ow‘na

VA —B\ 16 o madrix  and V]t’, a\\(lc‘\'Of['l’hen

A(Y): «AY
for any onstont k.

e

2. 1€ R is amadrix and -‘_/T ard Y, are vectors, then
—A (?. ’*—9@3 = A-qu E A-\Z

We can verify these dwo focke for 2x2 mokrices and  2-dimensional Vectors by
divect computation. For example
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Becoose e previous o eXpansio NS are equal
A (71 +—\77,) = A—i 4 Ai

New, given Hhese a\qebmic properties of metnix Mm\HPIimHon' we can verify the ltn-ean}); pra'nd?lc
Wsing the standard ks of Aifferentiation . New, seppose 71({-) Md.'? )
z
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50\\1'1“3 Inidial Valve Foblems

e

From the \h\ca.n-\-‘] Pﬂn{ip\e we know -Hw&, given duo <olutions —-\Z ([,_3 and \/z L.t)

we (an make Many Moe solutions of the \va kt?. + k;;z ,(;( any c.on‘:'\'ﬁ“'*s
K oard Ky . This dype o} expression 15 called a "-\mu—F«fﬁM"‘W ’&Ml\\j o] soluions

G cinee WE ammhove oo (onetants (KI avd K,_\ Yt e an Mjue,.} Jo oblain vavious Soludions .
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Snppore Wt wart o {ind e solwtion ?{_—t} of ¥his gystem with nitial Value
o= (21
Ne solved this prob\em in Ahe last notes and the solutions wers
( ez&-. _e-‘H'-
Y\ =\ o ) and \Iz(t): 2%/ .
New, 1§ we ?luc} m 0 for £ we cee thni

| -1
V(o) = (D} pnd ‘/2(")3( 25
Now, waid. Neher: of ouv  selutions fiv NV uhen £20 s equal o what we woe
Jold our initial condifion (‘I,: (?—,-5\3 0-L+mlltj WS So b do we do 2

Turns tnd Hrod Yhe \m&ﬁﬂ PrinciP\e oS e an awBie form any hinear combination
of -\71 (V) ond Y (1) and shill hove & <piution . Henwe, we need values
o K o K, | cuch Yhat

NBys o, (0= V.

m(0) + v ()= (2)
() * (2= (3)
K-¥e= 2
2K, -3
theo Ka™ -—31-(
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T’M‘i menns LS :
296) - 2= {2)

S0 our solution ig then
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LIN EAL |NDEPENDENCE

Expreeelmj arbitary Vectors pe linear combinations of given veckors is a Landomental
tepic in linear algebra. \n tme fwo- dimensional coce, the ey prope(ty that ensuees
a«bi&mvy Vectors @ can e wirithen a5 some linear combination of the given vectors

(% ) ond (Xe ¥, Y) is fhak they do net lie on Ahe sawe line thvousgh the ongin .

We oy Hart these {wo vectors are vy

4 an

LINEARLY [NDEPENDENT
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if Ahey do net lie on +he <gme line -anow‘k the Oﬂlgin- Another way = sayf his
o that @@ neither Vector s o multiple o] the ther.

Theowem
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Svppese  (X),¥) and (Xz)¥,) ave fuwo linearly independend vectors in e plane.

fhen given any vector (Xo\,), theve exist K, and Ky suon et

(3 e (58): (1)

Two \ineal\y independerd vecters can be combined via addition and scalay mu\—h‘plicwl—lon

o form any ety vecko! i the P\w\e.
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TUE GENELAL  SOLLTION
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‘\7(") = (’(o,\/., , We con find constants K, and ¥, so Yt
K, ‘L(Jc\ + kﬂ:&_) is the solulion Yo fhe initial valoe problem
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An Udamped (Sm\a\e) Havmonic Oscil lefor u
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Lecall the eqwx\'im\ for a ﬂ'm?\e havmenic o5 lakr 1%
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which an be g awitken 05 o linear systen
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Reail Hat when we previously solved Ynls problewt we gwessed the Soluflon cueuld consist
of eYher Sined or (osines. Tor Wis exercise leds assume \[\-_- cost

Theve fore ¥ (&) cos b
7(-‘:‘: {\I £) - -sin &

ay & (] (2wt ] [-snk
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Now \-E'\’ \lz"—' Sin £,

@o\nc) ong h e same excercises ae last page we Lod

p—rt Sin &
\]z: tos &

NONI at Hus ‘roir’f we have o Lot order linear sy<tem ({-ke Simple havmenic Oﬁcillﬂ.*O"B
with dwo dependent variables. This means we need fiop linearly {nthependent Solutions

to obtain dhe qm&m\ solution,

me“) ﬂ'l' 't-:'o
— cos (&) !
Y ()= Ls.‘.\ (o\\: [o—(
and "7 _{sin{ayl_( o
% (9 Losml' [‘1

Twis means Wat Y| lies on the V-axis  and -\_{l lies on +he Venyis. Thus, becaose

Yhese oo gplutions ave sclmm'ke Axes ey camnok be mulbiphes of exch obher.

This means ne @n e the Lmeari-\-‘j Princip\c to (ombine thewn for the

tﬁmm\ solution.,

So  Yhe @gﬁ C.\mm\ splutien beomes
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